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DUALITY FOR κ-ADDITIVE COMPLETE ATOMIC MODAL
ALGEBRAS
YOSHIHITO TANAKA
Abstract. In this paper, we give a duality theorem between the category of
κ-additive complete atomic modal algebras and the category of κ-downward
directed multi-relational Kripke frames, for any cardinal number κ. Multi-
relational Kripke frames are not Kripke frames for multi-modal logic, but
frames for monomodal logics in which the modal operator ✸ does not dis-
tribute over (possibly infinite) disjunction, in general. We first define homo-
morphisms of multi-relational Kripke frames, and then show the equivalence
between the category of κ-downward directed multi-relational Kripke frames
and the category κ-complete neighborhood frames, from which the duality the-
orem follows. We also present another direct proof of this duality based on the
technique given by Minari.
1. Introduction
It is proved by Thomason [9] that the category of all completely additive com-
plete atomic modal algebras is dually equivalent to the category of all Kripke frames,
where a modal algebra is said to be completely additive, if the modal operator ✸
distributes over the joins of every subsets of the algebra. However, there are some
modal logics which cannot be characterized by a class of completely additive modal
algebras. For example, if we see the existential and universal quantifiers as infinite
joins and meets, respectively, the Barcan formula ∀x✷φ ⊃ ✷∀xφ corresponds to
the complete additivity, but there exist predicate modal logics in which it is not
derivable. Moreover, there exists a propositional normal modal logic which is in-
complete with respect to any class of completely additive complete modal algebras
[6].
Subsequently, Dosˇen [3] gives broad kinds of duality theorems for categories of
modal algebras and neighborhood frames, including duality between the category
of complete atomic modal algebras and the category of ω-complete neighborhood
frames (which are called full filter frames in [3]) and that between the category of
completely additive complete atomic modal algebras and the category of complete
neighborhood frames (which are called full hyperfilter frames in [3]), as well as
equivalence between the category of complete neighborhood frames and the cate-
gory of Kripke frames. However, it should be remarked that the category of neigh-
borhood frames is not a generalization of the category of Kripke frames, in the
following sense: For any Kripke frame F = 〈W,R〉, we can define the ”underlying”
neighborhood frame U(F ) = 〈W,VF 〉, where,
VF (x) = {{y | (x, y) ∈ R}},
for any x ∈ W . However, as we will see in Theorem 6.1, U does not define the
forgetful functor.
In this paper, we give another duality theorem for the category of complete
atomic modal algebras between the category of multi-relational Kripke frames.
1991 Mathematics Subject Classification. 06E25, 03G25, 03B45.
Key words and phrases. Modal algebras, Neighborhood frames, Multi-relational Kripke frames.
1
2 Y. TANAKA
Multi-relational Kripke frames are not Kripke frames for multi-modal logic, but
frames for monomodal logics in which the modal operator ✸ does not distribute
over (possibly infinite) disjunction, in general. For example, in deontic logic (see,
e.g., [5, 2]),
(1.1) (✷p ∧ ✷q) ⊃ ✷(p ∧ q)
should not be derived, as the formula (✷φ ∧ ✷¬φ) ⊃ ✷ψ, which means that ”if
there is any conflict of obligation, then everything is obligatory” ([5], p.114) can
be deduced from it, and in the least infinitary modal logic, it is proved that the
countable extension of (1.1) is not derivable [8, 7]. Consequently, these logics are
Kripke incomplete, but it is proved that deontic logic P is complete with respect to
the class of serial multi-relational Kripke frames [5], and the least infinitary modal
logic is complete with respect to the class of ω-downward directed multi-relational
Kripke frames [7]. In this paper, we first define homomorphisms of multi-relational
Kripke frames so that the category of multi-relational Kripke frames is going to
be a generalization of the category of Kripke frames. Then we show that the
category of κ-downward directed multi-relational Kripke frames are equivalent to
the category of κ-complete neighborhood frames for every cardinal number κ, which
is a generalization of Dosˇen’s equivalence theorem between the category of Kripke
frames and the category of complete neighborhood frames. From this equivalence,
duality between the category of κ-additive complete atomic modal algebras and
the category of κ-downward directed multi-relational Kripke frames follows. In
addition, we give another proof for this duality for any regular cardinal κ. The basic
technique of this proof is given by Minari [7]. He proved completeness theorem
for the least infinitary modal logic with respect to ω-downward directed multi-
relational Kripke frames by constructing a multi-relational Kripke frame such that
each binary relation is given in the same way as the canonical frame of a finite
fragment of the Lindenbaum algebra. We show that Minari’s technique works also
for homomorphisms and can be extended for any regular cardinal κ.
2. Preliminaries
In this section, we fix notation and recall definitions and basic results. For the
details, see, e.g., [1, 4].
Let W be a non-empty set and R a binary relation on W . For any w1 and w2
in W , we write w1 <R w2 if (w1, w2) ∈ R. For any X ⊆W , ↑RX and ↓RX denote
the subsets of W defined by
↑RX = {w ∈ W | ∃x ∈ X(x <R w)}, ↓RX = {w ∈ W | ∃x ∈ X(w <R x)},
respectively. If X is a singleton {w}, we write ↑Rw and ↓Rw for ↑RX and ↓RX ,
respectively. If R is a partial order ≤, we write ↑ and ↓ for ↑≤ and ↓≤, respectively.
Let f : A → B be a mapping from a set A to a set B. For any set X ⊆ A and
Y ⊆ B, f [X ] and f−1 [Y ] denote the sets
f [X ] = {f(x) | x ∈ X}, f−1 [Y ] = {x ∈ X | f(x) ∈ Y },
respectively.
Definition 2.1. A Boolean algebra A is said to be complete if for any X ⊆ A,∨
X and
∧
X exist in A. Let A and B be complete Boolean algebras. A map-
ping f : A → B is called a homomorphism of complete Boolean algebras if f is a
homomorphism of Boolean algebras which satisfies
f
(∨
X
)
=
∨
f [X ] , f
(∧
X
)
=
∧
f [X ]
for any X ⊆ A.
DUALITY FOR κ-ADDITIVE COMPLETE ATOMIC MODAL ALGEBRAS 3
Definition 2.2. For any homomorphism f : A→ B of complete Boolean algebras,
f∗ and f∗ denote mappings from B to A which are defined by
f∗(b) =
∨
f−1 [↓b] , f∗(b) =
∧
f−1 [↑b] ,
for any b ∈ B, respectively.
Proposition 2.3. Let f : A → B be a homomorphism of complete Boolean alge-
bras. For any a ∈ A and b ∈ B,
(2.1) f(a) ≤ b ⇔ a ≤ f∗(b), b ≤ f(a) ⇔ f∗(b) ≤ a.
That is, f∗ and f∗ are right and left adjoints of f , respectively.
It follows from (2.1) that f∗ and f∗ are order preserving mappings and
(2.2) f ◦ f∗, f∗ ◦ f ≤ IdB, IdA ≤ f
∗ ◦ f, f ◦ f∗.
Definition 2.4. Let A be a Boolean algebra. A non-zero element a ∈ A is called
an atom if 0 < x ≤ a implies x = a. The set of all atoms of A is denoted by A(A).
A Boolean algebra A is said to be atomic if every non-zero element x ∈ A satisfies
x =
∨
a∈A(A), a≤x
a.
We write CABA for the category whose objects are all complete and atomic
Boolean algebras and arrows are all homomorphisms of complete Boolean algebras.
Proposition 2.5. Let A be a Boolean algebra and 0 6= a ∈ A. Then the following
conditions are equivalent:
(1) a is an atom.
(2) For any X ⊆ A, if
∨
X ∈ A and a ≤
∨
X then a ≤ x for some x ∈ X.
(3) For any x and y in A, if a ≤ x ∨ y then a ≤ x or a ≤ y.
(4) For any x ∈ A, a ≤ x or a ≤ −x.
Proposition 2.6. Let A and B be complete atomic Boolean algebras and f : A→ B
a homomorphism of complete Boolean algebras. If b ∈ A(B), then f∗(b) ∈ A(A).
Definition 2.7. A Kripke frame is a pair 〈W,R〉, where W is a non-empty set and
R is a binary relation on W . Let F1 = 〈W1, R1〉 and F2 = 〈W2, R2〉 be Kripke
frames. A homomorphism f : F1 → F2 of Kripke frames is a mapping from W1 to
W2 which satisfies the following:
(1) for any v and w in W1, if v <R1 w then f(v) <R2 f(w);
(2) for any w ∈ W1 and u ∈ W2, if f(w) <R2 u then there exists v ∈ W1 such
that w <R1 v and f(v) = u.
We write KFr for the category of all Kripke frames.
3. The category of complete atomic modal algebras
Definition 3.1. An algebra 〈A;∨,∧,−,✸, 0, 1〉 is called amodal algebra if its reduct
〈A;∨,∧,−, 0, 1〉 is a Boolean algebra and ✸ is a unary operator which satisfies
✸0 = 0 and
✸x ∨✸y = ✸(x ∨ y)
for any x and y in A. A modal algebra A is said to be complete or atomic if
its Boolean reduct is complete or atomic, respectively. Let A and B be modal
algebras. A mapping f : A → B is called a homomorphism of modal algebras if f
is a homomorphism of Boolean algebras which satisfies
f(✸x) = ✸f(x)
for any x ∈ A. A homomorphism f of modal algebras is called a homomorphism of
complete modal algebras if it is a homomorphism of complete Boolean algebras.
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Definition 3.2. A complete modal algebra A is said to be completely additive if
(3.1)
∨
x∈X
✸x = ✸
∨
X
holds for any X ⊆ A. Let κ be a cardinal number. A complete modal algebra A is
said to be κ-additive if the equation (3.1) holds for any X ⊆ A such that |X | < κ.
Definition 3.3. The objects of the category CAMA∞ are all completely additive
complete atomic modal algebras and the arrows of it are all homomorphisms of
complete modal algebras between them. Let κ be a cardinal number. The objects
of the category CAMAκ are all κ-additive complete atomic modal algebras and
the arrows of it are all homomorphisms of complete modal algebras between them.
Theorem 3.4. (Thomason [9]). CAMA∞ and KFr are dually equivalent.
Proof. First, we define a functor F : CAMA∞ → KFr. For any object A of
CAMA∞, define F (A) by
F (A) = 〈A(A), R〉,
where,
a <R b ⇔ a ≤ ✸b
for any a and b in A(A), and for any arrow f : A → B of CAMA∞, define
F (f) : F (B)→ F (A) by
F (f)(b) = f∗(b)
for any b ∈ A(B). Next, we define a functor G : KFr→ CAMA∞. For any object
K = 〈W,R〉 of KFr, define G(K) by
G(K) = 〈P(W );∪,∩,W \ −,✸K , ∅,W 〉,
where
✸KX = ↓RX
for any X ⊆ W , and for any arrow g from K1 = 〈W1, R1〉 to K2 = 〈W2, R2〉 of
KFr, define G(g) : G(K2)→ G(K1) by
G(g)(X) = g−1[X ]
for any X ∈ P(W2). Then F : CAMA∞ → KFr and G : KFr → CAMA∞ are
well-defined contravariant functors and
IdCAMA∞
∼= G ◦ F, IdKFr ∼= F ◦G.
❏
4. The category of neighborhood frames
A neighborhood frame is a pair 〈C,V〉, where C is a non-empty set and V is a
mapping from C to P(P(C)). A neighborhood frame 〈C,V〉 is said to include the
whole set if for any c ∈ C, C ∈ V(c), and is said to be upward closed if for any
c ∈ C, X ∈ V(c), and Y ⊆ C, if X ⊆ Y then Y ∈ V(c). A neighborhood frame
〈C,V〉 is said to be complete if it includes the whole set, is upward closed, and for
any c ∈ C and non-empty subset S of V(c),
(4.1) S ⊆ V(c) ⇒
⋂
S ∈ V(c).
Let κ be a cardinal number. A neighborhood frame 〈C,V〉 is said to be κ-complete
if it includes the whole set, is upward closed, and (4.1) holds for any non-empty
subset S of V(c) such that |S| < κ.
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Let Z1 = 〈C1,V1〉 and Z2 = 〈C2,V2〉 be neighborhood frames. A mapping
f : C1 → C2 is called a homomorphism of neighborhood frames from Z1 to Z2 if for
any c ∈ C1 and X ⊆ C2,
f−1[X ] ∈ V1(c) ⇔ X ∈ V2(f(c))
holds.
We write NFr for the category of all neighborhood frames. We also write NFr∞
and NFrκ for its full subcategories of all complete neighborhood frames and all κ-
complete neighborhood frames, respectively. The duality theorem between NFrω
and CAMA and that between NFr∞ and CAMA∞, which are given in Dosˇen
[3], can be generalized to any cardinal number κ, immediately:
Theorem 4.1. (Dosˇen [3]). For any cardinal number κ, CAMAκ and NFrκ are
dually equivalent.
Proof. First, we define a functor J : CAMAκ → NFrκ. For any object A of
CAMAκ, define J(A) by
J(A) = 〈A(A),V〉,
where
V(a) = {A(A) ∩ ↓x | a 6≤ ✸− x}
for any a, and for any arrow f : A → B of CAMAκ, define J(f) : J(B) → J(A)
by
J(f)(b) = f∗(b)
for any b ∈ A(B). Next, we define a functor K : NFrκ → CAMAκ. For any
object Z = 〈C,V〉 of NFrκ, define K(Z) by
K(Z) = 〈P(C);∪,∩, C \ −,✸Z , ∅, C〉,
where
✸ZX = {c ∈ C | C \X 6∈ V(c)}
for any X ⊆ C, and for any arrow g from Z1 = 〈C1,V1〉 to Z2 = 〈C2,V2〉 of NFrκ,
define K(g) : K(Z2)→ K(Z1) by
K(g)(X) = g−1[X ]
for any X ∈ P(C2). Then J : CAMAκ → NFrκ and K : NFrκ → CAMAκ are
well-defined contravariant functors and
δ : IdCAMAκ
∼= K ◦ J, γ : IdNFrκ
∼= J ◦K,
where the natural isomorphisms δ and γ are defined by
δA : x 7→ {a ∈ A(A) | a ≤ x}, γZ : y 7→ {y},
for any object A in CAMAκ and any Z in NFrκ. ❏
Dosˇen also proved the following equivalence of categories:
Theorem 4.2. (Dosˇen [3]). NFr∞ ∼= KFr.
For any Kripke frame F = 〈W,R〉, we can define a neighborhood frame U(F )
by U(F ) = 〈W, {↑Rx | x ∈ W}〉. However, as is shown in Theorem 6.1 there
exists a Kripke frame F such that U(F ) is not a complete neighborhood frame
and there exists a homomorphism f : F1 → F2 of Kripke frames which is not a
homomorphism of neighborhood frames from U(F1) to U(F2). In this sense, the
neighborhood frames are not a generalization of the Kripke frames, although the
two categories are equivalent.
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5. The category of multi-relational Kripke frames
Definition 5.1. A pair 〈W,S〉 is called a multi-relational Kripke frame if W is
a non-empty set and S is a non-empty set of binary relations on W . A multi-
relational Kripke frame 〈W,S〉 is said to be completely downward directed if for any
S′ ⊆ S, there exists R ∈ S such that
(5.1) R ⊆
⋂
S′.
Clearly, 〈W,S〉 is completely downward directed if and only if
⋂
S ∈ S. Let κ be a
cardinal number. A multi-relational Kripke frame 〈W,S〉 is said to be κ-downward
directed if for any S′ ⊆ S such that |S′| < κ, there exists R ∈ S which satisfies
(5.1). Let M1 = 〈W1, S1〉 and M2 = 〈W2, S2〉 be multi-relational Kripke frames. A
mapping f :W1 →W2 is called a homomorphism of multi-relational Kripke frames
from M1 to M2 if it satisfies the following two conditions:
(1) for any x ∈W1 and R2 ∈ S2, there exists R1 ∈ S1 such that for any y ∈W1,
x <R1 y ⇒ f(x) <R2 f(y);
(2) for any x ∈ W1 and R1 ∈ S1, there exists R2 ∈ S2 such that for any u ∈W2,
f(x) <R2 u ⇒ ∃y ∈ W1 such that x <R1 y and f(y) = u.
A homomorphism of multi-relational Kripke frames is an isomorphism if it is bi-
jective. Indeed, if f is an isomorphism, its inverse is also a homomorphism of
multi-relational Kripke frames.
Definition 5.2. We write MRKF for the category of all multi-relational Kripke
frames. We also write MRKF∞ and MRKFκ for its full subcategories of all
completely downward directed multi-relational Kripke frames and all κ-downward
directed multi-relational Kripke frames, respectively.
The following theorem states that the multi-relational Kripke frames can be seen
as a generalization of the Kripke frames:
Proposition 5.3. For any Kripke frame F = 〈W,R〉, define M(F ) by M(F ) =
〈W, {R}〉, and for any homomorphism f : F1 → F2 of Kripke frames, define M(f)
by f . Then, M is a well-defined functor and the image of KFr by M is a full and
faithful subcategory of MRKF∞.
Proof. Clear from the definition of the homomorphism of multi-relational Kripke
frames. ❏
It is easy to prove the equivalence of MRKF∞ and KFr. Define a functor
L :MRKF∞ → KFr by
L : 〈W,S〉 7→
〈
W,
⋂
S
〉
, L(f) = f.
Then it is easy to show that L is a well-defined functor and both L ◦M ∼= IdKFr
and M ◦ L ∼= IdMRKF∞ hold.
6. Equivalence between MRKF and NFr
For any multi-relational Kripke frame M = 〈W,S〉, we can define the ”underly-
ing” neighborhood frame U(M) by U(M) = 〈W,VM 〉, where
VM (x) = {↑Rx | R ∈ S}.
However, U does not define the forgetful functor from MRKF to NFr nor that
from MRKFκ to NFrκ. In fact, we have the following:
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Theorem 6.1. (1) There exists an object M of MRKFκ such that U(M) is
not an object of NFrκ. Moreover, there exists such an object M in KFr
such that U(M) is not an object of NFr∞.
(2) There exists an arrow f : M1 → M2 of MRKFκ such that U(M1) and
U(M2) are objects of NFr but f is not an arrow of NFr. Moreover, there
exists such an arrow f in KFr, either.
(3) There exists an arrow f : U(M1) → U(M2) of NFr such that M1 and M2
are objects of MRKF but f :M1 →M2 is not an arrow of MRKF.
Proof. (1): Let M = 〈{0}, {∅}〉. Then M is an object of MRKFκ, but not that
of NFrκ, since VM (0) is not upward closed. If we identify a singleton {R} of a
relation with R, M is a Kripke frame, either.
(2): Let M1 = 〈{0}, {{(0, 0)}}〉 and M2 = 〈{0, 1}, {{(0, 0)}}〉. Let f : 0 7→ 0. It
is easy to see that f ∈ homMRKFκ(M1,M2). If we identify a singleton {R} of a
relation with R, f is a homomorphism of Kripke frames, either. However, f is not
an arrow of NFr from U(M1) to U(M2), since f
−1 [{0, 1}] = {0} ∈ VM1(0), but
{0, 1} 6∈ VM2(0).
(3): Let M1 = 〈{0, 1, 2}, {R1, R2}〉 and M2 = 〈{0, 1}, {Q}〉 , where
R1 = {(0, 1)}, R2 = {(0, 0), (0, 1), (0, 2)}, Q = {(0, 0), (0, 1)}.
Then
VM1(0) = {{1}, {0, 1, 2}}, VM1(1) = VM1(2) = {∅}
and
VM2(0) = {{0, 1}}, VM2(1) = {∅}.
Define f : {0, 1, 2} → {0, 1} by f(0) = 0 and f(1) = f(2) = 1. It is easy to see that
f ∈ homNFr(U(M1), U(M2)). However, f 6∈ homMRKF(M1,M2), since 0 <Q 0 but
0 6<R1 0. ❏
If we identify U(M) with M and a singleton {R} of a relation with R, Proposi-
tion 5.3 and Theorem 6.1 can be summarized as follows:
NFr 6⊇6⊆
arrows
MRKF
⊆ ⊆
NFrκ $
objects
MRKFκ
⊆ ⊆
NFr∞ $
objects
KFr
In the rest of this section, we show that NFrκ and MRKFκ are equivalent.
First, we show the following lemmas:
Lemma 6.2. Let κ be any cardinal number. For any κ-downward directed multi-
relational Kripke frameM = 〈W,S〉, define a κ-complete neighborhood frame N(M)
by 〈W,VM 〉, where VM ⊆ P(W ) is defined by
VM = ↑{↑Rx | R ∈ S}
for any x ∈ W , and for any homomorphism f of multi-relational Kripke frames,
define N(f) by f . Then N is a full functor from MRKFκ to NFrκ.
Proof. It is clear that N(M) is an object of NFrκ. We show that for any M1 =
〈W1, S1〉 and M2 = 〈W2, S2〉,
homMRKFκ(M1,M2) = homNFrκ(N(M1), N(M2)).
8 Y. TANAKA
(⊆): Suppose f ∈ homMRKFκ(M1,M2). Take any x ∈ W1 and Y ⊆ W2. By
definition of VM1(x) and VM2(x),
Y ∈ VM2(f(x)) ⇔ ∃Q ∈ S2
(
↑Qf(x) ⊆ Y
)
⇒ ∃R ∈ S1
(
f [↑Rx] ⊆ ↑Qf(x) ⊆ Y
)
⇒ ∃R ∈ S1
(
↑Rx ⊆ f
−1 [Y ]
)
⇔ f−1 [Y ] ∈ VM1(x).
Conversely,
f−1 [Y ] ∈ VM1(x) ⇔ ∃R ∈ S1
(
↑Rx ⊆ f
−1 [Y ]
)
⇒ ∃Q ∈ S2
(
↑Qf(x) ⊆ f [↑Rx] ⊆ f
[
f−1 [Y ]
])
⇒ ∃Q ∈ S2
(
↑Qf(x) ⊆ Y
)
⇔ Y ∈ VM2(f(x)).
(⊇): Suppose f ∈ homNFrκ(N(M1), N(M2)) and x ∈ W1. First, take any Q ∈ S2.
Then f−1
[
↑Qf(x)
]
is in VM1(x), since ↑Qf(x) ∈ VM2(f(x)). Hence, there exists
R ∈ S1 such that
↑Rx ⊆ f
−1
[
↑Qf(x)
]
.
Then for any y ∈ W1, if x <R y then f(x) <Q f(y). Next, take any R ∈ S1. Since
↑Rx ∈ VM1(x) and VM1(x) is upward closed,
↑Rx ⊆ f
−1 [f [↑Rx]] ∈ VM1(x).
Hence, f [↑Rx] ∈ VM2(f(x)). Then there exists Q ∈ S2 such that ↑Qf(x) ⊆ f [↑Rx].
Then for any u ∈ W2 such that f(x) <Q u, there exists y ∈ W2 such that x <R y
and f(y) = u. ❏
Lemma 6.3. Let Z = 〈C,V〉 be any κ-complete neighborhood frame. We write VZ
for the set
VZ = {v : C → P(C) | ∀x ∈ C(v(x) ∈ V(x))},
and for any v ∈ VZ , we write Rv for a binary relation on C defined by
Rv = {(x, y) | x ∈ C, y ∈ v(x)}.
Then H(Z) = 〈C, SZ 〉, is a κ-downward directed multi-relational Kripke frame,
where SZ = {Rv | v ∈ VZ}. If we define H(f) by f for any homomorphism f of
neighborhood frames, then H is a functor from NFrκ to MRKFκ.
Proof. We first show that H(Z) is an object of MRKFκ. Since Z includes the
whole set, VZ 6= ∅. Therefore, SZ 6= ∅. Take any subset {Rvi | i ∈ κ} of SZ . As Z
is κ-complete, there exists u ∈ VZ such that
u(x) =
⋂
i∈κ
vi(x) ∈ V(x)
for any x ∈ C. Then Ru =
⋂
i∈κRvi . Next, we show that
homNFrκ(Z1, Z2) ⊆ homMRKFκ(H(Z1), H(Z2))
for any κ-complete neighborhood frames Z1 = 〈C1,V1〉 and Z2 = 〈C2,V2〉. Suppose
f ∈ homNFrκ(Z1, Z2). First, take any x ∈ C1 and Rv ∈ SZ2 . Then ↑Rvf(x) =
v(f(x)) ∈ V2(f(x)). Hence, f−1
[
↑Rvf(x)
]
∈ V1(x). By definition of VZ1 , there
exists u ∈ VZ1 such that
↑Rux = u(x) = f
−1
[
↑Rvf(x)
]
.
Hence, for any y ∈ C1,
x <Ru y ⇔ y ∈ u(x) ⇔ f(x) <Rv f(y).
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Next, take any x ∈ C1 and Ru ∈ SZ1 . Then ↑Rux = u(x) ∈ V1(x). Since Z1
is upward closed, f−1
[
f
[
↑Rux
]]
∈ V1(x). Therefore, f
[
↑Rux
]
∈ V2(f(x)). By
definition of VZ2 , there exists v ∈ VZ2 such that
↑Rvf(x) = v(f(x)) = f
[
↑Rux
]
.
Hence, for any z ∈ C2 such that f(x) <Rv z, there exists y ∈ C1 such that x <Ru y
and f(y) = z.
❏
Now, we prove thatMRKFκ andNFrκ are equivalent, which is a generalization
of Theorem 4.2:
Theorem 6.4. N and H are equivalence between MRKFκ and NFrκ, for every
cardinal number κ.
Proof. For any objectM = 〈W,S〉 ofMRKFκ, define a map γM :M → H(N(M))
by γM (x) = x for any x ∈W , and for any object Z = 〈C,V〉 of NFrκ, define a map
δZ : Z → H(N(Z)) by δZ(c) = c for any c ∈ C. It is trivial that H(N(f)) ◦ γM1 =
γM2 ◦ f holds for any f : M1 → M2 and N(H(g)) ◦ δZ1 = δZ2 ◦ g holds for any
g : Z1 → Z2.
First, we show that for any multi-relational Kripke frame M = 〈W,S〉, γM is
an isomorphism of multi-relational Kripke frames from M to H(N(M)). We check
the first condition of the homomorphisms of multi-relational Kripke frames: Take
any x ∈ W and Rv ∈ SN(M), where v ∈ VN(M)(x). Then there exists R ∈ S such
that ↑Rx ⊆ v(x). For any y ∈W , R satisfies that
x <R y ⇒ y ∈ v(x) ⇔ x <Rv y.
Then we check the second condition: Take any x ∈ W and R ∈ S. As ↑Rx ∈ VM (x),
there exists v ∈ VN(M) such that ↑Rx = v(x). Then Rv ∈ SN(M) satisfies that for
any y ∈ W ,
x <Rv y ⇔ y ∈ v(x) ⇔ x <R y.
As γM is the identity mapping on W , γM is an isomorphism of multi-relational
Kripke frames.
Next, we prove that for any neighborhood frame Z = 〈C,V〉, δZ is an isomor-
phism of neighborhood frames from Z to N(H(Z)). Since Z is upward closed,
(6.1) ↑{↑Rvx | v ∈ VZ} = {↑Rx | v ∈ VZ}
for any x ∈ C. Take any c ∈ C and X ⊆ C. Then,
X ∈ V(x) ⇔ ∃v ∈ VZ (v(x) = X)
⇔ ∃Rv ∈ SZ
(
↑Rvx = X
)
⇔ X ∈ VH(Z)(x) (by 6.1).
As δZ is the identity mapping on C, δZ is an isomorphism of neighborhood frames.
❏
By Theorem 4.1 and Theorem 6.4, we have the following:
Theorem 6.5. For any cardinal number κ, CAMAκ and MRKFκ are dually
equivalent.
By the same argument as Theorem 6.4, it follows that the category of all multi-
relational Kripke frames are equivalent to the category of all upward closed neigh-
borhood frames which includes the whole set. These categories are dually equiv-
alent to the category of algebras which is obtained by weakening the definition of
the modal operator in CAMA to the following; ✸0 = 0 and ✸x ≤ ✸y whenever
x ≤ y.
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7. Functor from CAMAκ to MRKFκ
In the rest of the paper, we give another direct proof of duality betweenCAMAκ
and MRKFκ for every regular cardinal κ. First, we define a contravariant functor
F : CAMAκ → MRKFκ for every regular cardinal κ. For any object A of
CAMAκ, a multi-relational Kripke frame F (A) is defined by
F (A) = 〈A(A), {R(X) | X ⊆ A, |X | < κ}〉,
where, for any a ∈ A(A) and b ∈ A(B),
a <R(X) b ⇔ a ≤
∧
✸ [↑b ∩X ] ,
and for any arrow f : A → B of CAMAκ, the mapping F (f) : A(B) → A(A) is
defined by
F (f)(b) = f∗(b)
for any b ∈ A(B). Below, we show that F is a well-defined contravariant functor.
Proposition 7.1. Let κ be a regular cardinal. If A is a κ-additive complete atomic
modal algebra, F (A) is a κ-downward directed multi-relational Kripke frame.
Proof. It is clear that F (A) is a multi-relational Kripke frame. We show that F (A)
is κ-downward directed. Suppose Xi ⊆ A and |Xi| < κ for any i ∈ I. If |I| < κ,
then
|
⋃
i∈I
Xi| < κ,
since κ is regular. Hence, F (A) is κ-downward directed, because
R
(⋃
i∈I
Xi
)
⊆
⋂
i∈I
R(Xi).
❏
Definition 7.2. Let A be a κ-additive complete atomic modal algebra. For any
X ⊆ A and a ∈ A(A), p(X, a) denotes an element of A defined by
p(X, a) =
∨
✸
−1 [↓(−a)] ∩X.
Lemma 7.3. Let A be a κ-additive complete atomic modal algebra, X a subset of
A such that |X | < κ, and a ∈ A(A). Then for any a′ ∈ A(A),
a <R(X) a
′ ⇔ a′ 6≤ p(X, a).
Proof. For any a′ ∈ A(A),
a <R(X) a
′ ⇔ a ≤
∧
✸ [↑a′ ∩X ]
⇔ ∀x ∈ X(a′ ≤ x ⇒ a ≤ ✸x)
⇔ ∀x ∈ X(a 6≤ ✸x ⇒ a′ 6≤ x)
⇔ ∀x ∈ X(a ≤ −✸x ⇒ a′ 6≤ x) (a ∈ A(A))
⇔ ∀x ∈ X(✸x ≤ −a ⇒ a′ 6≤ x)
⇔ ∀x
(
x ∈ ✸−1 [↓(−a)] ∩X ⇒ a′ 6≤ x
)
⇔ a′ 6≤
∨
✸
−1 [↓(−a)] ∩X (a′ ∈ A(A)).
❏
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Lemma 7.4. Let A and B be κ-additive complete atomic modal algebras, f : A→ B
a homomorphism of complete modal algebras, Y ⊆ B such that |Y | < κ, and
b ∈ A(B). Suppose X = {f∗(p(Y, b))}. Then for any a ∈ A(A),
f∗(b) <R(X) a ⇔ a 6≤ f
∗(p(Y, b)).
Proof. By Lemma 7.3, all we have to prove is
f∗(p(Y, b)) = p(X, f∗(b)).
As
p(X, f∗(b)) =
∨
✸
−1 [↓(−f∗(b))] ∩ {f
∗(p(Y, b))},
it is enough to show
f∗(p(Y, b)) ∈ ✸−1 [↓ (−f∗(b))] .
Since B is κ-additive
✸f(f∗(p(Y, b))) ≤ ✸p(Y, b) (by (2.2))
= ✸
∨
✸
−1 [↓(−b)] ∩ Y
=
∨
✸
(
✸
−1 [↓(−b)] ∩ Y
)
(κ-additivity)
≤
∨
↓(−b)
= −b.
Hence
b ≤ −✸f(f∗(p(Y, b))) = f(−✸f∗(p(Y, b))).
By (2.1),
f∗(b) ≤ −✸f
∗(p(Y, b)),
so
✸f∗(p(Y, b)) ≤ −f∗(b).
Hence,
f∗(p(Y, b)) ∈ ✸−1 [↓ (−f∗(b))] .
❏
Proposition 7.5. Let κ be a regular cardinal. For any κ-additive complete atomic
modal algebras A and B and for any homomorphism f : A→ B of complete modal
algebras, F (f) : A(B) → A(A) is a homomorphism of multi-relational Kripke
frames from F (B) to F (A).
Proof. Condition 1 of Definition 5.1: Take any b1 ∈ A(B) and any X ⊆ A such
that |X | < κ. Then |f [X ] | < κ. Take any b2 ∈ A(B). We show that
b1 <R(f [X]) b2 ⇒ f∗(b1) <R(X) f∗(b2).
Suppose b1 <R(f [X]) b2. By definition of R(f [X ]),
b1 ≤
∧
✸ [↑b2 ∩ f [X ]] .
Therefore,
(7.1) f∗(b1) =
∧
x∈A, b1≤f(x)
x ≤
∧{
x ∈ A |
∧
✸ [↑b2 ∩ f [X ]] ≤ f(x)
}
.
On the other hand,
(7.2) ✸ [↑f∗(b2) ∩X ] ⊆
{
x ∈ A |
∧
✸ [↑b2 ∩ f [X ]] ≤ f(x)
}
,
because, for any z ∈ ✸ [↑f∗(b2) ∩X ], there exists u ∈ X such that
f∗(b2) ≤ u, ✸u = z,
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and, this implies b2 ≤ f(u) and f(u) ∈ f [X ], and therefore,∧
✸ [↑b2 ∩ f [X ]] ≤ ✸f(u) = f(✸u) = f(z).
By (7.1) and (7.2),
f∗(b1) ≤
∧
✸ [↑f∗(b2) ∩X ] .
Hence,
f∗(b2) <R(X) f∗(b1).
Condition 2 of Definition 5.1: Take any b ∈ A(B) and any Y ⊆ B such that |Y | < κ.
Define X ⊆ A by
X = {f∗(p(Y, b))}.
Suppose a ∈ A(A) and f∗(b) <R(X) a. Then a 6≤ f
∗(p(Y, b)) by Lemma 7.4. Hence,
f(a) 6≤ p(Y, b). Since B is atomic, there exists b′ ∈ A(B) such that
b′ ≤ f(a), b′ 6≤ p(Y, b).
Then f∗(b
′) ≤ a, and b <R(Y ) b
′ by Lemma 7.3. Since f∗(b
′) and a are in A(A),
f∗(b
′) = a. ❏
8. Functor from MRKFκ to CAMAκ
We define a contravariant functor G : MRKFκ → CAMAκ for every cardinal
number κ. For any object M = 〈W,S〉 of MRKFκ, a complete atomic modal
algebra G(M) is defined by
G(M) = 〈P(W );∪,∩,W \ −,✸M , ∅,W 〉,
where ✸M is defined by
✸MX =
⋂
R∈S
↓RX
for any X ⊆ W , and for any multi-relational Kripke frames M1 = 〈W1, S1〉, M2 =
〈W2, S2〉, and any arrow g : M1 →M2 of MRKFκ, the mapping G(g) : P(W2) →
P(W1) is defined by
G(g)(X) = g−1 [X ]
for any X ⊆W2. Below, we show that G is a well-defined contravariant functor.
Proposition 8.1. Let κ be a cardinal number. If M = 〈W,S〉 is a κ-downward
directed multi-relational Kripke frame, G(g)(M) is a κ-additive complete atomic
modal algebra.
Proof. It is clear that 〈P(W );∪,∩,W \−, ∅〉 is a complete atomic Boolean algebra.
Since ↓R∅ = ∅ for any R ∈ S,
✸M∅ =
⋂
R∈S
↓R∅ = ∅.
Let {Xi}i∈I be a subset of P(W ) such that |I| < κ. Since ✸M is order preserving,⋃
i∈I
✸MXi ⊆ ✸M
⋃
i∈I
Xi.
We show the converse. For any w ∈W ,
w 6∈
⋃
i∈I
✸MXi ⇔ w 6∈
⋃
i∈I
⋂
R∈S
↓RXi
⇔ ∀i ∈ I
(
w 6∈
⋂
R∈S
↓RXi
)
⇔ ∀i ∈ I∃Ri ∈ S∀x ∈ Xi (w 6<Ri x) .
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Since M is κ-downward directed, there exists Q ∈ S such that
Q ⊆
⋂
i∈I
Ri.
Then
∀i ∈ I∀x ∈ Xi (w 6<Q x) .
Thus,
w 6∈ ↓Q
⋃
i∈I
Xi.
Hence,
w 6∈
⋂
R∈S
↓R
⋃
i∈I
Xi = ✸M
⋃
i∈I
Xi.
❏
Proposition 8.2. Let κ be a cardinal number. For any κ-downward directed multi-
relational Kripke frames M1 = 〈W1, S1〉, M2 = 〈W2, S2〉 and a homomorphism
g : M1 → M2 of multi-relational Kripke frames, G(g) : P(W2) → P(W1) is a
homomorphism of complete modal algebras from G(M1) to G(M2).
Proof. We only show that for any U ⊆W2,
✸M1G(g)(U) = G(g)(✸M2U).
All we have to prove is
⋂
R∈S1
↓Rg
−1 [U ] = g−1

 ⋂
Q∈S2
↓QU

 .
(⊆): Take any x ∈W1 and suppose
x ∈
⋂
R∈S1
↓Rg
−1 [U ] .
Then
∀R ∈ S1∃wR ∈ g
−1 [U ] (x <R wR).
Since g is a homomorphism of multi-relational Kripke frames, for any Q ∈ S2, there
exists RQ ∈ S1 such that for any y ∈W1
x <RQ y ⇒ g(x) <Q g(y).
Therefore, for any Q ∈ S2, there exists RQ ∈ S1 and wRQ ∈ g
−1 [U ] such that
g(x) <Q g(wRQ).
Hence,
g(x) ∈ ↓QU.
Since Q is arbitrary,
g(x) ∈
⋂
Q∈S2
↓QU.
Hence,
x ∈ g−1

 ⋂
Q∈S2
↓QU

 .
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(⊇): Take any x ∈W1. Then
x ∈ g−1

 ⋂
Q∈S2
↓QU

 ⇔ g(x) ∈ ⋂
Q∈S2
↓QU
⇔ ∀Q ∈ S2∃uQ ∈ U (g(x) <Q uQ) .
Since g is a homomorphism of multi-relational Kripke frames, for any R ∈ S1, there
exists QR ∈ S2 such that for any u ∈ W2
g(x) <QR u ⇒ ∃y ∈W1 such that x <R y and g(y) = u.
Therefore, for any R ∈ S1, there exist QR ∈ S1, uQR ∈ U , and y ∈W1 such that
x <R y, g(y) = uQR ∈ U.
Hence,
x ∈ ↓Rg
−1 [U ] .
Since R is arbitrary,
x ∈
⋂
R∈S1
↓Rg
−1 [U ] .
❏
9. Duality between CAMAκ and MRKFκ
In this section, we show that for any regular cardinal κ,
IdCAMAκ
∼= G ◦ F, IdMRKFκ
∼= F ◦G.
Proposition 9.1. Let κ be a regular cardinal. For any object A of CAMAκ,
define a mapping τA : A→ G(F (A)) by
τA(x) = {a ∈ A(A) | a ≤ x}
for any x ∈ A. Then τ is a natural transformation from IdCAMAκ to G ◦ F .
Proof. Let f : A→ B be an arrow of CAMAκ. Then for any x ∈ A and b ∈ A(B),
b ∈ G(F (f)) ◦ τA(x) ⇔ b ∈ (f∗)
−1 [{a ∈ A(A) | a ≤ x}]
⇔ f∗(b) ≤ x
⇔ b ≤ f(x)
⇔ b ∈ τB ◦ f(x).
Hence,
G(F (f)) ◦ τA = τB ◦ f.
❏
Theorem 9.2. Let κ be a regular cardinal. For any object A of CAMAκ, τA :
A→ G(F (A)) is an isomorphism of complete modal algebras.
Proof. It is clear that τA is an isomorphism of complete Boolean algebras. We show
that
τA(✸x) = ✸F (A)τA(x)
for any x ∈ A. What we have to show is
{a ∈ A(A) | a ≤ ✸x} =
⋂
X⊆A, |X|<κ
↓R(X){a ∈ A(A) | a ≤ x}.
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(⊆): Suppose a ≤ ✸x. Take any X ⊆ A such that |X | < κ. If x ≤ p(X, a), then
a ≤ ✸x
≤ ✸p(X, a)
= ✸
∨
✸
−1 [↓(−a)] ∩X
=
∨
✸
[
✸
−1 [↓(−a)] ∩X
]
(κ-additivity)
≤
∨
↓(−a)
= −a,
which contradicts to a ∈ A(A). Hence, x 6≤ p(X, a). As A is atomic, there exists
b ∈ A(A) such that b ≤ x and b 6≤ p(X, a). Then a <R(X) b by Lemma 7.3, and
a ∈ ↓R(X){b ∈ A(A) | b ≤ x}.
As X is taken arbitrarily,
a ∈
⋂
X⊆A, |X|<κ
↓R(X){b ∈ A(A) | b ≤ x}.
(⊇): Suppose a 6≤ ✸x. Then for any b ∈ A(A) such that b ≤ x,
a 6≤ ✸x =
∧
✸ [↑b ∩ {x}] .
Hence,
a 6∈ ↓R({x}){b ∈ A(A) | b ≤ x}.
Thus,
a 6∈
⋂
X⊆A, |X|<κ
↓R(X){b ∈ A(A) | b ≤ x}.
❏
Proposition 9.3. Let κ be a regular cardinal. For any object M = 〈W,S〉 of
MRKFκ, define θM :M → F (G(M)) by
θM (w) = {w}
for any w ∈ W . Then θ is a natural transformation from IdMRKFκ to F ◦G.
Proof. For any M , θM is well-defined as a mapping, since
A(G(M)) = {{w} | w ∈ W}.
Let M1 = 〈W1, S1〉 and M2 = 〈W2, S2〉 be objects of MRKFκ, and g : M1 → M2
an arrow of MRKFκ. Then for any w ∈W1,
F (G(g)) ◦ θM1(w) = G(g)∗({w})
=
⋂
{X ⊆W2 | w ∈ G(g)(X)}
=
⋂
{X ⊆W2 | w ∈ g
−1 [X ]}
=
⋂
{X ⊆W2 | g(w) ∈ X}
= {g(w)}
= θM2 ◦ g(w).
Hence,
F (G(g)) ◦ θM1 = θM2 ◦ g.
❏
Theorem 9.4. Let κ be a regular cardinal. For any objectM = 〈W,S〉 ofMRKFκ,
θM :M → F (G(M)) is an isomorphism of multi-relational Kripke frames.
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Proof. It is clear that θM is a set-theoretical bijection. We show that it is a homo-
morphism of multi-relational Kripke frames. By definition of G and F ,
F (G(M)) = 〈{{w} | w ∈W} , {R(U) | U ⊆ P(W ), |U | < κ}〉,
where
{w1} <R(U) {w2} ⇔ {w1} ⊆
⋂
✸M [↑{w2} ∩ U ] .
By definition of ✸M in G(M),
{w1} <R(U) {w2} ⇔ {w1} ⊆
⋂{⋂
R∈S
↓RX | X ∈ ↑{w2} ∩ U
}
⇔ ∀X ∈ U
(
w2 ∈ X ⇒ w1 ∈
⋂
R∈S
↓RX
)
⇔ ∀X ∈ U
(
w1 6∈
⋂
R∈S
↓RX ⇒ w2 6∈ X
)
.
Condition 1 of Definition 5.1: Take any w ∈ W and any U ∈ P(W ) such that
|U | < κ. For any X ∈ U , if w 6∈
⋂
R∈S ↓RX , then we can fix one RX ∈ S such that
w 6∈ ↓RXX . Since M is κ-downward directed, there exists Q ∈ S such that
Q ⊆
⋂{
RX | X ∈ U, w 6∈
⋂
R∈S
↓RX
}
.
We claim that for any w′ ∈W ,
w <Q w
′ ⇒ {w} <R(U) {w
′}.
Suppose w <Q w
′. Take anyX ∈ U and suppose w 6∈
⋂
R∈S ↓RX . Then w 6∈ ↓RXX .
As w <RX w
′ by definition of Q, w′ 6∈ X .
Condition 2 of Definition 5.1: Take any w ∈W and any R ∈ S. Let
U = {W \ ↑Rw} .
Clearly,
w 6∈ ↓R (W \ ↑Rw) .
Therefore,
w 6∈
⋂
Q∈S
↓Q (W \ ↑Rw) .
Hence, for any v ∈W ,
{w} <R(U) {v} ⇔ v 6∈ W \ ↑Rw
⇔ w <R v.
❏
Theorem 9.5. For any regular cardinal κ, CAMAκ and MRKFκ are dually
equivalent.
Proof. Theorem 9.2 and Theorem 9.4. ❏
Corollary 9.6. Let M1 = 〈W1, S1〉 and M2 = 〈W2, S2〉 be multi-relational Kripke
frames. A mapping f : W1 → W2 is a homomorphism of multi-relational Kripke
frames from M1 to M2 if and only if the mapping g : P(M2) → P(M1) which is
defined by
g : S 7→ f−1[S]
for any S ⊆ W2 is a homomorphism of complete modal algebras from G(M2) to
G(M1).
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Proof. We only show the if-part. Suppose that g is a homomorphism of complete
modal algebras. Then F (g) : FG(M2) → FG(M2) is a homomorphism of multi-
relational Kripke frames. Let
h = θ−1M2 ◦ F (g) ◦ θM1 .
By definition of θ and τ , the composite of Gθ and τG is the identity natural trans-
formation on G. Hence, for any S ⊆ P(W2),
h−1[S] = G(h)(S)
= G(θM1 ) ◦GF (g) ◦G(θ
−1
M2
)
= τ−1
G(M1)
◦GF (g) ◦ τG(M2)
= g(S)
= f−1[S].
Thus, f = h is a homomorphism of multi-relational Kripke frames.
M1
θM1

h // M2
θM2

FG(M1)
F (g) // FG(M2)
G(M1) G(M2)
G(h)
oo
GFG(M1)
GθM1
OO
GFG(M2)
GF (g)
oo
GθM2
OO
G(M1)
τG(M1)
OO
G(M2)g
oo
τG(M2)
OO
❏
10. Application
As an application of the duality theorem, we show that for any regular cardinals
κ and κ′ with κ < κ′, the inclusion functor from CAMAκ′ to CAMAκ and that
from MRKFκ′ to MRKFκ are not essentially surjective, where a functor F from
a category C to a category D is said to be essentially surjective, if for any object d
of D, there exists an object c of C such that F (c) is isomorphic to d.
The following proposition is based on Fact 4.5 of [7].
Proposition 10.1. Let κ and κ′ be regular cardinals. If κ < κ′, there exists a
complete atomic modal algebra A which is κ-additive but not κ′-additive.
Proof. Consider a multi-relational Kripke frame M defined by
M = 〈κ ∪ {∞}, {QX | X ⊆ κ, |X | < κ}〉
where
QX = {(∞, α) | α 6∈ X}.
Suppose |I| < κ, and for any i ∈ I, supposeXi ⊆ κ and |Xi| < κ. Then |
⋃
i∈I Xi| <
κ and
Q⋃
i∈I Xi
=
⋂
i∈I
QXi .
Hence, M is an object of MRKFκ. Therefore, by the duality theorem, G(M) is
an object of CAMAκ. We show that in G(M),
✸M
∨
i∈κ
{i} 6≤
∨
i∈κ
✸M{i}.
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For any X ⊆ κ such that |X | < κ, there exists i ∈ κ such that i 6∈ X . Hence,
∞ ∈
⋂
X⊆κ, |X|<κ
↓QX
⋃
i∈κ
{i}.
Thus,
∞ ∈ ✸M
∨
i∈κ
{i}.
On the other side, for any i ∈ κ,
∞ 6∈ ↓Q{i}{i}.
Therefore,
∞ 6∈
⋂
X⊆κ, |X|<κ
↓QX{i}.
Since i is taken arbitrarily
∞ 6∈
⋃
i∈I
⋂
X⊆κ, |X|<κ
↓QX{i}.
Hence,
∞ 6∈
∨
i∈κ
✸M{i}.
❏
Theorem 10.2. Let κ and κ′ be regular cardinals such that κ < κ′. Then the
inclusion functor from CAMAκ′ to CAMAκ and that fromMRKFκ′ toMRKFκ
are not essentially surjective.
Proof. Let M be the multi-relational Kripke frame defined in Proposition 10.1.
Then G(M) is an object of CAMAκ, and it is clear that no objects of CAMAκ′
are isomorphic to G(M). Hence, by Theorem 9.5, no objects of MRKFκ′ are
isomorphic to M . ❏
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